We study proton decay in a six-dimensional orbifold GUT model with gauge group SO(10) × U (1) A . Magnetic U (1) A flux in the compact dimensions determines the multiplicity of quark-lepton generations, and it also breaks supersymmetry by giving universal GUT scale masses to scalar quarks and leptons. The model can successfully account for quark and lepton masses and mixings. Our analysis of proton decay leads to the conclusion that the proton lifetime must be close to the current experimental lower bound. Moreover, we find that the branching ratios for the decay channels p → e + π 0 and p → µ + π 0 are of similar size, in fact the latter one can even be dominant. This is due to flavour nondiagonal couplings of heavy vector bosons together with large off-diagonal Higgs couplings, which appears to be a generic feature of flux compactifications.
Introduction
Proton decay is a striking prediction of Grand Unified Theories (GUTs) which predict interactions violating baryon number (B) and lepton number (L) [1, 2] . In nonsupersymmetric theories proton decay is caused by the exchange of heavy vector bosons, leading to B+L violating dimension-six operators with dominant decay mode p → e + π 0 . In supersymmetric theories the exchange of colour-triplet scalars can lead to dangerous B+L violating dimension-five operators [3, 4] and p →νK + as dominant decay mode. Consistency with the observed proton lifetime then requires that the colour-triplet partners of Higgs bosons are very heavy [5] . It is remarkable that these dangerous operators are generically absent in higher-dimensional orbifold GUTs [6] [7] [8] where, on the other hand, dimension-six operators can be enhanced by Kaluza-Klein towers of heavy vector bosons.
The discovery of proton decay would not only strongly support the idea of grand unification, the measurement of the proton lifetime and its branching ratios would also provide valuable information on the mass scale of unification and on the flavour structure of the theory. Moreover, the pattern of proton decays would help to distinguish between the different GUT groups, including the Pati-Salam group [1] , Georgi-Glashow SU (5) [2] , SO(10) [9, 10] or flipped SU (5) [11, 12] .
Proton decay has already been studied for a large variety of GUT models (for reviews see, for example, [13] [14] [15] [16] ). Here we are particularly interested in predictions for proton decay in orbifold GUT models. During the past years a number of analyses have been carried out for five-dimensional (5D) models (see, for example, [6] [7] [8] [17] [18] [19] [20] [21] ) and also for six-dimensional (6D) models [22] [23] [24] . Recently, a new class of magnetized 6D orbifold GUT models with broken supersymmetry has been studied [25] . The magnetic flux in the extra dimensions plays a twofold role, it generates the multiplicity of quarklepton generations and it also breaks supersymmetry [26] around the GUT scale. The effective low-energy theory contains two Higgs doublets and possibly light higgsinos, whereas scalar quarks and leptons have GUT scale masses. The theory can account for quark and lepton masses and mixings [27, 28] , and it can be consistently matched to a supersymmetric theory at the compactification scale, which approximately equals the GUT scale [29] [30] [31] . Light higgsinos can be made consistent with constraints from direct detection by mixing with an additional singlet [32] .
In this paper we study proton decay in magnetized orbifold GUTs. The decay rate crucially depends on the compactification scale M c which is constrained by the requirement of gauge coupling unification at some cutoff-scale Λ of the higher-dimensional theory [33] . Since the full ultraviolet completion of the 4D effective theory is not known, the compactification scale can only be estimated. This is in contrast to 4D GUTs where the masses of heavy vector bosons can be precisely computed for theories in which the Standard Model gauge couplings unify. In a detailed analysis of 5D orbifold GUTs the authors find an uncertainty of about two orders of magnitude for M c [21] . Recently, a comparison of 4D GUTs and 5D orbifold GUTs has been given in [34] .
It is well known that branching ratios in proton decay strongly depend on the flavour structure of the theory. We find comparable branching ratios for p → e + π 0 and p → µ + π 0 . As we shall see, this is partly due to non-diagonal coupling of heavy vector bosons to flavour eigenstates, which is caused by non-trivial overlap integrals of fermion and vector boson mode functions. A large branching ratio to µ + π 0 , due to large mixing among charged leptons, has previously been discussed in the context of a flipped SU (5) model [35] . It is intriguing, that the Super-Kamiokande collaboration has observed two candidates for p → µ + π 0 which, however, are consistent with the expected number of background events [36] .
The paper is organized as follows. In Section 2 we briefly recall the main features of our model and we discuss the constraints on the compactification scale based on gauge coupling unification. Section 3 deals with the various contributions to proton decay and determines lifetime and branching ratios into different final states. Our conclusions are given in Section 4. In Appendix A the relevant overlap integrals of mode functions are given, and Appendix B contains the unitary matrices that connect weak and mass eigenstates for two fits of the model parameters to quark and lepton masses and mixings.
GUT model and gauge coupling unification
The considered 6D GUT model has been described in detail in [25, 27, 28] . The bulk gauge group is SO(10) × U (1) A . The 6D theory is compactified on the orbifold T 2 /Z 2 , and the GUT gauge group is broken to the Standard Model gauge group by two Wilsonlines (see Fig. 1 ). At the fixed point ζ I the bulk SO(10) symmetry is left unbroken whereas at the fixed points ζ PS , ζ GG and ζ fl it is broken to three different subgroups, respectively [37, 38] ,
Clearly, the Standard Model gauge group with an additional U (1) factor can be obtained as intersection of the subgroups at two different fixed points.
The relations between the generators of the different U (1) factors are easily obtained by considering the decomposition of the SO(10) 16-plet, in standard notation 16 ⊃ d c , l, q, u c , e c , n c , at the different fixed points. At ζ GG , with U (1) Y × U (1) X , one has 16 ⊃ 5 * (4
Comparison with the decomposition at ζ GG yields the relations
At ζ fl , with U (1) Z ×U (1) X , the decomposition is the same as at ζ GG , with Z and X taking the role of Y and X, respectively. Flipped SU (5) is obtained from Georgi-Glashow SU (5) by exchanging d c and u c , and n c and e c . This implies 16 ⊃ 5 *
From comparison with the decomposition at ζ GG one obtains
The 6D theory has six 16-plets two of which, ψ and χ, contain the three quarklepton generations as zero-modes. In addition, they yield as split multiplets a fourth set of quark and lepton SU (2) L singlets, u c , d c , n c , e c . Two 16-plets, ψ c and χ c , contain the charge-conjugate singlets u, d, n, e. Each of them decouples via a GUT scale mass term one linear combination of the four sets of u c , d c , n c and e c , respectively. The three orthogonal linear combinations remain in the low-energy spectrum. Furthermore, there are two 16-plets, Ψ and Ψ c , yielding singlets for spontaneous B − L breaking, and eight 10-plets required by 6D anomaly cancellation, which contain two Higgs doublets, H u and H d , and further vector-like split multiplets that acquire GUT scale masses. The vector-like split multiplets are crucial to obtain realistic mass matrices for the light quarks and leptons, as discussed in [27, 28] . However, they have no effect on proton decay amplitudes and we can therefore ignore them in the following. The 16-plets ψ and χ have nonvanishing U (1) A charge which determines the multiplicity of their zero-modes in the magnetic flux background. Explicitly, the mode expansions read
Since the GUT group SO(10) is broken by two Wilson-lines, the spectrum of fermion zero-modes is determined by the choice of two parities, for instance at the Pati-Salam (PS) fixed point and the Georgie-Glashow (GG) fixed point. Since the parities are associated with matrices that do not commute with SO(10), the parities of the different Standard Model fields contained in the 16-plets are in general different. The choice in [28] leads to the decompositions given in Eqs. (6) . The subscripts of the 4D fields, i and α , label the degeneracy of the corresponding zero-modes. In addition to quarks and leptons the low-energy theory contains two light Higgs doublets, and possibly a light SU (2) L doublet pair of higgsinos. The proton lifetime crucially depends on the compactification scale M c , which is related to the scale of unification in higher-dimensional GUTs. In orbifold GUTs, where the GUT symmetry is broken at orbifold fixed points, gauge couplings unify only approximately at the compactification scale, and corrections due to massive vector-like split multiplets, brane kinetic terms and the field content of the higher-dimensional theory have to be taken into account to achieve unification of couplings at some cutoff-scale Λ > M c . In the following we study the consistency between proton decay and constraints from gauge coupling unification.
Brane kinetic terms
The 4D gauge couplings receive contributions from the 6D bulk gauge coupling and from brane kinetic terms,
Here V 2 is the volume of the orbifold, and the brane kinetic terms take the form
where
is a field strength squared for a factor of the unbroken gauge group at fixed point p. For our SO(10) model one has
with q = GG, fl. At each fixed point the unbroken gauge group contains two U (1) factors:
Using Eqs. (4) and (5), the U (1) gauge kinetic terms for B − L, I 3R , Z and X can be expressed in terms of kinetic terms for U (1) Y and U (1) X . In this way one obtains for the gauge kinetic terms of the unbroken 4D gauge group
It is convenient to normalize the SM and U (1) X gauge couplings to the colour SU (3) coupling, which yields
At the compactification scale, one then obtains the following relations between the SM gauge couplings:
α Y . We do not discuss gauge coupling unification for U (1) X since we assume that this U (1) symmetry is spontaneously broken close to the compactification scale.
The scale of compactification
The conditions for gauge coupling unification given in Eqs. (15) need to be satisfied at the compactification scale M c . Since the two terms δ 23 and δ 12 are linear combinations of five independent brane kinetic terms it is certainly possible to satisfy these equations. However, it is not clear whether this can be achieved with reasonable values for the brane kinetic terms. Here we neglect further heavy threshold corrections and higherorder running effects.
Let us first determine the phenomenologically required size of the correction terms δ 23 and δ 12 in the two cases of a pure two-Higgs-doublet model (THDM) (case A) and a THDM with higgsinos of mass 1 TeV (case B). The three running couplings of the Standard Model gauge group and the parameters δ 23 and δ 12 are shown for the two cases in Fig. 2 and Fig. 3 , respectively, where we have used one-loop renormalization group equations. With light higgsinos (Fig. 3 ), one obtains a rather accurate gauge coupling unification without correction terms at Q ∼ 10 14 GeV. As a consequence, the difference |δ 23 − δ 12 | is smaller in case B than in case A. In the right panel of Fig. 2 and Fig. 3 the gray region (M c < 10
15 GeV) is excluded by the current lower bound on the proton lifetime (see Section 3).
In higher-dimensional theories gauge couplings receive power-law quantum corrections for scales above the compactification scale, Λ > M c . In six dimensions one has at one-loop order [33] 
where b is the one-loop coefficient of the β-function. For the gauge group SO (10) with N = 2 supersymmetry, eight 10-plets and six 16-plets, which corresponds to the model in [28] , one obtains 1 b = 12. Due to the large number of bulk matter fields one reaches the strong coupling regime, 1/g 2 i ≈ 0, already close to the compactification scale, at Λ/M c 3.7. Assuming now gauge coupling unification at strong coupling at a cutoff Λ > M c [40] , one can estimate the size of brane kinetic terms due to quantum corrections,
Here b p,i is the one-loop β-function of a 4D coupling at fixed point ζ p , which describes the logarithmic running due to bulk zero-modes with nonvanishing wave function at p. This logarithmic contribution is relevant for the 'differential running', i.e., the difference between contributions to different brane kinetic terms [8, 41] . In general, contributions of higher Kaluza-Klein (KK) modes can also lead to power corrections in the differential running. However, in the considered model, such terms do not appear [38] . At the fixed point ζ PS , with unbroken subgroup SU (4) × SU (2) L × SU (2) R , the bulk fields yield the following chiral superfields with positive parity [28] : ψ, χ, Ψ : (4 terms are given by
Inserting the indices for the above representations [39] 
Inserting the indices of the SU (5) representations [39] into the one-loop β-function, one obtains b 5 = −4 and b 1 = 17/8. Eqs. (18) and (19), together with Eqs. (15) and Λ/M c 3.7, yield the result
Inspection of Fig. 2 and Fig. 3 shows that this result is incompatible with the values of δ 23 and δ 12 required by gauge coupling unification. Hence, given just the bulk field content of the considered model, unification of gauge couplings cannot be achieved at strong coupling. However, the differential running beyond the compactification scale is strongly model dependent. Adding further heavy vector-like pairs of bulk fields and/or N = 1 split multiplets at the branes does not change the low-energy phenomenology, but it significantly modifies the values of δ 23 and δ 12 . Indeed, orbifold compactifications of the heterotic string generically yield as many N = 1 split multiplets on the branes as bulk fields. Adding on the PS brane N 4 pairs of (4, 2, 1), (4 * , 2, 1),N 4 pairs of (4, 1, 2), (4 * , 1, 2), N 6 copies of (6, 1, 1) and N 2 copies of (1, 2, 2), and on the flipped brane 
As an example, the choice
with Λ/M c 3.7, yields δ 23 = 0.2, δ 12 = −5.3, in agreement with gauge coupling unification for case A, the THDM without light higgsinos. One can also find examples that give gauge coupling unification in case B. However, we do not want to emphasize this possibility since the considered model is incomplete in any case. For the bulk field content of our model the irreducible SO(10) 6D anomalies are satisfied. But one also has to satisfy irreducible and reducible gravitational and U (1) A anomalies as well as fixed point anomalies [42, 43] , which requires further bulk and brane fields. Hence, in the considered model, we cannot compute the compactification scale, we can only demonstrate that phenomenologically acceptable extensions of the model can be consistent with gauge coupling unification and proton decay.
The required brane kinetic terms are rather large, corresponding to corrections of α
15 GeV. We conclude that starting from the considered model, the compactification scale cannot be consistently increased much by adding further vector-like fields. Hence, our model is only consistent for a proton lifetime close to the current lower bound.
Proton decay
For the considered 6D SO(10) model proton decay rates can be evaluated in the standard manner. The model determines the currents that couple to vector bosons carrying B − L charge. Knowing the zero-mode wave functions of quarks and leptons, their couplings to the various vector boson KK-modes can be computed. Integrating out the vector boson KK-modes provides the dimension-six operators whose matrix elements determine the proton decay rates. As we shall see, a special feature of our model is the flavour structure of these operators, which leads to unexpected branching fractions.
Effective operators and decay widths
The interaction Lagrangian of the 16-plets with SO(10) gauge fields is given by
where V is a vector field in the adjoint representation of SO (10) . The decomposition of the 45-plet with respect to SU (3) C ×SU (2) L ×U (1) Y ×U (1) X is listed in Table 1 . Proton decay is induced by the exchange of the gauge bosons X ∼ (3, 2, − ), Y ∼ (3, 2, ) and
), which carry nonzero B − L charge. The terms in Eq. (22), involving
, 0) + (3, 2, these gauge bosons and massless fermions, are described by the 4D effective Lagrangian
where g 4D = g 6D / √ V 2 is the 4D gauge coupling. The three currents relevant for proton decay are given by
Here a, b, c = 1, 2, 3 are color indices, i, j = 1, 2, 3 and α, β = 1, ..., 4 are flavour indices. m, n = 0, 1, 2, ... label the KK-modes of the X-, Y -and Z-bosons. The dimensionless coefficients I (r) (m, n) (r = 1, ..., 6) arise from overlaps between the profiles of KK-modes of gauge bosons and zero-modes of fermions. Their explicit expressions are given in Appendix A. We observe that the currents coupled to the KK-modes of the X-, Y -and Z-bosons do not conserve flavour, i.e., one has I (r) iα (m, n) = 0 for i = α in Eqs. (24), (25) and (26) . This is in contrast to 4D GUTs where the couplings to X, Y and Z are flavour diagonal [13, 14] . The origin of this effect can be attributed to the fact that the three flavours of the SM quarks and leptons arise from the zero-modes of two bulk 16-plets in our model. As we will show at the end of this section, this flavour non-diagonal current, together with flavour non-diagonal mass matrices, gives rise to a proton decay pattern which is qualitatively different from that predicted in the 4D GUT models.
After integrating out the KK tower of X-, Y -and Z-bosons, one obtains from Eq. (23) the following effective operators for the proton decay:
with the coefficients
where the vector boson masses are given by
The Z-bosons by themselves do not lead to dimension-six operators that induce proton decay. Their contribution only arises after electroweak symmetry breaking through their mixing with some Y -bosons. We do not include these contributions in the list of operators given in Eq. (27) . Moreover, the third term in Eq. (27) is irrelevant for proton decay as it involves heavy singlet neutrinos. Using Fierz reordering, the remaining terms can be rewritten as
iαjβ abc e c α u c aβ u bj d ci
with
The operators in the physical basis are obtained using the unitary transformations between weak (f ) and mass (f ) eigenstates,
c , e c . In the present framework, the unitary matrices U u c , U d c and U e c are of dimension 4 × 4, while U u , U d , U e and U ν are 3 × 3 matrices. Changing from weak to mass eigenstates, Eq. (30) becomes
Note that the matrix U ν drops out in proton decay branching fractions since we sum over neutrino flavours in the final state. The partial widths of the various proton decay channels can be evaluated based on Eq. (33) . All operators conserve B − L, and therefore the proton decays into an anti-lepton and a meson. The relevant hadronic matrix elements between proton and meson states is obtained using chiral perturbation theory [44, 45] . The resulting partial decay widths read [46] :
Here e
denotes the mass of hadron h, f π is the pion decay constant and m B is the average baryon mass. The factors α, D and F are parameters of the chiral Lagrangian while A incorporates renormalization group running effects of the hadronic matrix elements.
Numerical results
We now evaluate the partial proton decay widths for the two fits of the flavour spectrum performed in [28] . In the first one (Fit I), the Yukawa couplings and brane mass parameters of the model were determined by fitting fermion masses and mixing parameters using the χ 2 minimization method. We obtained a very good fit with a minimum χ 2 = 0.5; in this case, leptogenesis led to a baryon asymmetry two orders of magnitude below the observed value. We then performed another fit (Fit II) where the observed baryon asymmetry was used as a constraint, for which we obtained a minimum χ 2 = 0.95. For both fits, we give the various unitary matrices U f that connect weak and mass eigenstates in Appendix B.
The effective couplings C i in Eq. (28) involve summations over the KK-modes of gauge bosons. We notice that the value of some of the C i 's decrease slightly when contributions from higher KK-modes are taken into account because of destructive interference between different amplitudes. We also find that the values of these coefficients converge rapidly, and only the contributions from the first few KK-modes are relevant. We consider the first five modes, corresponding to m, n = 0, 1, ..., 4, for the evaluation of the partial widths.
We use the parameters α = 0.01 GeV 3 , D = 0.8 and F = 0.46 for the chiral Lagrangian parameters [46] . The parameter A can be written as A = A SD A LD , where A LD takes into account the renormalization effects from M Z to the proton mass scale while A SD includes the short distance running effects from M GUT to M Z . For our calculation, we use A LD = 1.43 and A SD = 2.26 [47] . The values of hadron masses are taken from the PDG [16] . We use m B = 1.15 GeV as average baryon mass, the pion decay constant f π = 130 MeV, and we take g 4D = 0.57. The compactification scale is identified with the mass of the lightest KK-mode of the X-, Y -bosons, which corresponds to R 1 = R 2 = 2πM −1 c . The proton lifetime in a particular channel, p →l + X, is defined as
where τ = 1/Γ total , and the branching ratio is BR[p →l
The current limits on the proton lifetime are at 90% confidence level [36] ,
With the aforementioned values of the various parameters, we obtain for Fit I,
and for Fit II,
In case of the latter, the channel p → µ + π 0 provides an equally strong constraint as the positron channel. These numbers have to be compared with τ /BR[p → e
35 yrs, the experimental reach of Hyper-Kamiokande [48] , and with τ /BR[p → e + π 0 ] ∼ few × 10 34 yrs, the experimental reach of DUNE [49] . The various branching fractions obtained for Fit I and Fit II are displayed in Table  2 . A noteworthy feature of these results is that the branching ratios of proton decay into the channels involving e + or µ + are of the similar magnitude. The origin of this in the present model can be understood in the following way. First, as already mentioned earlier, the massless modes of quark and lepton generations have flavour non-diagonal overlaps with the KK-modes of heavy vector bosons. In particular, the flavours arising from the zero-modes of ψ have comparable diagonal and non-diagonal couplings with the X-and Y -bosons. For example, zero-mode overlap integrals I 
These overlap integrals are properties of the wave functions of fermions and gauge bosons, which are unambiguously determined in the considered model and which do not depend on the Yukawa structure, i.e., on the particular fit of the flavour structure. Second, as shown in Appendix B, some of the unitary matrices introduce large flavour mixings. In particular, the matrices U u c , U d c and U e c give rise to a strong mixing between the first and second generation of u c , d c and e c , respectively, both in Fit I and in Fit II. This feature depends on the Yukawa structure of the theory and hence the precise results are fit dependent. In the present framework, the non-diagonal gauge boson couplings as well as the flavour structure of the mass matrices give rise to an enhanced branching fraction BR[p → µ + π 0 ], comparable to the branching fraction BR[p → e + π 0 ]. This prediction is different from typical predictions made in the context of 4D GUTs, and it also distinguishes the 6D SO(10) model with magnetic flux from the SO(10) model without magnetic flux [22] .
Summary and conclusions
In flux compactifications the quark-lepton generations are zero-modes with characteristic wave functions in the compact space. In the considered orbifold GUT model the Yukawa matrices are determined by the values of these wave functions at the orbifold fixed points, together with complex couplings of bulk fields at the fixed points which are generation independent. At each fixed point this leads to rank-one Yukawa matrices with O(1) entries. In addition there are large mass mixing terms with charge-conjugate split multiplets. The resulting up-quark, down-quark, charged lepton and Dirac neutrino mass matrices have large off-diagonal entries, and the same is true for the unitary matrices which diagonalize them. For two fits of the flavour spectrum, these matrices are given in Appendix B. A small mismatch of these matrices for up-quarks and downquarks leads to small off-diagonal terms in the CKM matrix, whereas large off-diagonal terms appear in the PMNS matrix due to the seesaw mechanism.
As a consequence, the unitary matrices that connect weak and mass eigenstates lead to large flavour non-diagonal couplings of vector bosons with non-zero B − L charge, whose exchange induces proton decay. This effect is enhanced by non-diagonal couplings of these heavy vector bosons to flavour eigenstates, which result from overlap integrals of vector boson and fermion mode functions. This is in contrast to 4D GUT models and other orbifold GUT models without flux, where the couplings of heavy vector bosons to flavour eigenstates are diagonal.
In the considered 6D SO(10) orbifold GUT model gauge coupling unification can not be achieved at some cut-off scale beyond the compactification scale. Hence, the compactification scale cannot be computed. Gauge coupling unification requires the addition of further vector-like bulk and/or brane fields which would not affect the low-energy phenomenology. Due to the large number of vector-like fields the theory becomes strongly interacting already close to the compactification scale. It appears that matching the non-supersymmetric Standard Model to a higher-dimensional supersymmetric theory requires a compactification scale that is barely consistent with current constraints from proton decay. An unexpected prediction of our model is the similar size of the branching ratios p → e + π 0 and p → µ + π 0 , where the latter one can even be dominant. This appears to be a generic feature of flux compactifications of higher-dimensional GUT models.
A Definition of overlap integrals
The dimensionless overlap integrals introduced in Section 3 are given as
i (j +2) (m, n) = I
3,j (m, n) = 0 .
4j (m, n) = I
44 (m, n) = 0 .
(45)
Here i , j = 1, 2 and α = 1, 2, 3 are the flavour indices introduced in the decomposition of the 16-plets in Section 2. The integration domain is given by
The mode functions of the gauge bosons are obtained from [22] . They read:
The wavefunction profiles of quarks and leptons are obtained from the expression [27, 28] cos 2π −2nN + j + k PS 2
where η PS = e iπk PS , η GG = e iπk GG and k PS , k GG = 0, 1. Here j = 0, ..., N for k PS = k GG = 0 and j = 0, ..., N − 1 otherwise. We identify 
